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Overview

1. Scientific Discovery in the Era of Machine Learning
- Discovering ODEs and PDEs from Data
- Can LLMs help?

2. Causal Discovery: The Next Step in Causality

3. A powerful application: Digital Twins
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From Data to Discovery:
Machine Learning’s Role in Advancing Science

Human experts (scientists)
discover governing equations

Explicit Ordinary Partial
function differential differential
equation equation

dx
Typical form y = f(x) —= fx,0) _u = f(u,x)
Examples Relativity Newton’s law Heat equation
d?x du
E=m-c? — _=—F — = Au
Benefits: "ar &) e
Concise
Generalizable
:Amm@malyms % Discover Transparent Time-series (ICLR 2024)

ical systems X Discover ODEs — D-CODE (ICLR 2022) &

: “Q@%ﬁa%d epidemiological models DGSR (lCLR 2023)

% Discover PDEs — D-CIPHER (NeurlPS 2023)
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The “Discovery” Ladder

*

SyStemS ' Discovery of governing eq.

Dynamical

Governing
equations

Causal relations

Association

% ODE Discovery for Longitudinal Heterogeneous

Treatment Effect Inference
[ICLR 2024]

* Digital Twins
[NeurlPS 2024]
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Discovery of governing equations using ML

Explicit Ordinary Partial
function differential differential
equation equation
Typical form
Examples Relativity Newton’s law Heat equation
A hard problem
ODE
x(t) < > x'(0)

eﬁh van_der_Schaar
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To describe dynamical systems, we need

Differential equations
« Equations that involve derivatives
« Commonly used to describe continuous-time dynamical systems
« Describe the change in infinitesimal time (time derivative)
« E.g. Ordinary DE

x(t) —30F v Learning ODEs from data:

A hard problem
al_‘,-‘rh van_der_Schaar LB UNIVERSITY OF
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System of | ODEs

o s L
y1(t) Goal: filx) =
' Discover '

7 > | -

i%
L> \yl;(t)l fi(x) =%

discover - /
t € {t1:t2: 'T} Xj' [0, T] - R

Structural y;(t) € R/ _ T
L knowledge x(t) = [x1, ..., %]

additional insight fiiR/ >R
Symbolic Regression
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Unique challenges in discovering ODEs

1. The time derivative is not observed
 Only observe the states over time
« Conventional symbolic regression methods are not applicable

2. ltis difficult to estimate the time derivative
« States are observed sporadically with noise
* Naive two-step symbolic regression is likely to fail

3. Difficulty in directly solving the initial value problem of ODE
« The true initial condition is unknown & difficult to infer
« Sensitive to initial condition
« Computationally challenging

5 UNIVERSITY OF
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Discover closed-form ordinary differential equations
(ODEs) from observed trajectories - D-CODE

~ : :

— Z. Qian, K. Kacprzyk, M. van der Schaar,
e gorithms

Dataset ICLR 2022

i
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L Zhaozhi Qian

discover

Structural
L knowledge

additional insight

Krzysztof Kacprzyk
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D-CODE: Discovering Closed-Form ODEs
[Qian, Kacprzyk, vdS, ICLR 2022]

Variational formulation of ordinary differential equations

)(t) = fi(@(t), Vi = L., J. ¥t € [0.7] Vartational Formutaton

Characterize an ODE without referring to the derivative!
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D-CODE: motivation

Variational formulation of ordinary differential equations

#5(t) = fi(x(t), ¥i=1,...,J, ¥t € [0,T] (1)

Definition 1. Consider J € N*, T € R*, continuous functions z : [0,7] — R”, f : R — R, and
g € C1[0,T], where C! is the set of continuously differentiable functions. We define the functionals

i T
Citf, ®,9) ::/O f(a:(t))g(t)dt—I—[O Bl Yatldt; ¥Wie {1:25: 548}
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D-CODE: motivation

Variational formulation of ordinary differential equations

#5(t) = fi(x(t), ¥i=1,...,J, ¥t € [0,T] (1)

Definition 1. Consider J € N*, T € R*, continuous functions z : [0,7] — R”, f : R — R, and
g € C1[0,T], where C! is the set of continuously differentiable functions. We define the functionals

i T
Citf, ®,9) ::/O f(a:(t))g(t)dt—I—[O Bl Yatydt; Yo {12548}
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Hackbusch, W. (2017)
Variational Formulation

D-CODE: motivation

Variational formulation of ordinary differential equations

7i(t) = fi(x®), ¥i=1,...,J, ¥t € [0,T] (1)

Definition 1. Consider J € N*, T € R™, continuous functions z : [0,7] — R”, f : R/ — R, and
g € C1[0,T], where C! is the set of continuously differentiable functions. We define the functionals

i T
Citf, ®,9) ::/O f(a:(t))g(t)dt—I—[O Bl igtldt; YWie {12558}

Proposition 1. (Hackbusch, 2017) Consider J € N, T € R™, a continuously differentiable function
x : [0,T] — R, and continuous functions f; : R’ — R for j = 1,...,J. Then x is the solution to
the system of ODEs in Equation |1 if and only if

C;i(fj,®,9) =0,Vj€{1,...,J}, Vg € C'[0,T], g(0) = g(T) =0
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D-CODE: theory

do(f, f7) = [fox — [T ox|la = [|(f = f7) o z[|2

Theorem 1. Consider J € N*,j € {1,...,J}, T € RT. Let f* : R/ — R be a continuous function,
and let z : [0,T] — R’ be a continuously differentiable function satisfying i;(t) = f*(x(t)).
Consider a sequence of functions (Zy), where Ty, : [0,T] — R’ is a continuously differentiable
function. If (Z};) converges to x in L? norm. Then for any Lipschitz continuous function f

S—o0 k—oco

S
lim lim Y Ci(f, %k, g5)? = da(f, f*)?, (7)
s=1

where {g1, g2, ... } is a Hilbert (orthonormal) basis for L*[0,T) such that Vi, g;(0) = g;(T) = 0
and g; € C1[0,T).
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D-CODE: theory

do(f, f7) = [fox — [T ox|la = [|(f = f7) o z[|2

Theorem 1. Consider J € N*,j € {1,...,J}, T € RT. Let f* : R/ — R be a continuous function, Natural choice
and let z : [0,T] — R’ be a continuously differentiable function satisfying i;(t) = f*(x(t)). AT
Consider a sequence of functions (Zy), where Ty, : [0,T] — R’ is a continuously differentiable 9s(t) =/ 2/Tsin(snt/T)

function. If (Z},) converges to x in L* norm. Then for any Lipschitz continuous function f

S—o0 k—oco

S
lim lim ch(f’ Bry9s)° = dulf, F412, (7)
s=1

where {g1, g2, ... } is a Hilbert (orthonormal) basis for L*[0,T) such that Vi, g;(0) = g;(T) = 0
and g; € C1[0,T).
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D-CODE: algorithm

Preprocessing
r 3 . 3
y1(¢) X1 (1)
. Estimate .
< > <
yp (t) Xp(t)
\. J \. J

t € {ty,ty, ..., T}
y;(t) € R/

<Pl van_der_Schaar
S \LaB

t
Xi (t) € ]R]

€ [0,T]

Optimization

O, 6, 2,6} = ]0 F () g(t)dt + ]0 2 (1)9(t)dt

N S
fj — arg;nin ZZ Cj(fa 5B\iags)z

=1 s=1 /

Prespecified testing functions

gs(t) =/ 2/Tsin(snt/T)

We estimate trajectories,

notderivatives!

Symbolic regression
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D-CODE: experiments

Dynamical systems:

- Gompertz model

- Generalized logistic model
- Glycolytic oscillator

- Lorenz system

Benchmarks:
Two-step symbolic regression with
a) total variation regularized differentiation (SR-T)
b) spline-smoothed differentiation (SR-S)
c) Gaussian process smoothed differentiation (SR-G)

£ van_der Schaar I UNIVERSITY OF
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D-CODE: Experiments

(

i

asymmetric growth with saturation

t) = —6012(t) - log (62x(t))  Gompertz Model
t)=61z(t) - (1 - #i™) Generalized Logistic Model

Gompertz Model

Varying noise level og Varying step size At Varying sample size N
1.0 {—e 1.0 I &
0.5 0.5
: 0.01, —— 0.0 : : : ,
1072 1071 10° 1071 10° 25 50 75 100

Generalized Logistic Model

1.0 & & & 1.0 &
i; ; 70 Methods
0.5 ﬁ 0.5 1 —e— D-CODE
.___.______.\‘ —o— SR-T
oy - | 0.0+ ' . . . —o— 5SR-S

10-1 10° 25 50 75 100 —e— SR-G
At N

Success Prob. Success Prob.
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D-CODE: Experiments

Chaotic Lorenz system. The Lorenz system is a model system for chaotic dynamics, defined as:

Success Prob. x;(t) Success Prab. x»(t) Success Prob. xs(t)

1.0 - . 10 —e— D-CODE
—— SRT
0.5+ 0.51 ~8= SRS
A\*—‘ —o— SR-G

004 , , : Slo001 , 0.04_ , : , ;
0.10 0.15 020 0.25 0.30 010 0.15 020 025 0.30 0.10 0.15 0.20 0.25 0.30
Noise og Noise og Noise og .
chaotic &
Ground truth D-CODE SR-T Neural ODE non_periodic SyStemS
40 A A L [[40
120 - Q@ 120
20 o, 200
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D-CODE in action

Discover temporal effects of chemotherapy on tumor volume

1.0
—— Observed
051 /
0.0 1= : : : : :
0.0 0.2 0.4 0.6 0.8 1.0
1.0
— D-CODE Dataset: 8 clinical trials on cancer patients
0.5
__—
0.0 . . . . . The following two ODEs are discovered by D-CODE and SR-T.
0.0 0.2 0.4 0.6 0.8 1.0
1.0 —— i(t) = 4.48t%x(t) + log(t); D-CODE
i(t) = 4x(t)log (tz(t)) log (tz(t) + 2t); SR-T
0.5
= SR-T
0.0 = , : : : :
0.0 0.2 0.4 0.6 0.8 1.0
=Py van_der_Schaar ¥ ITYO
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Discovery of governing equations using ML

Explicit function | Implicit function | Ordinary Partial
differential differential
equation equation
Typical form — — dx ou
y = f(x) f,y)=c — = f(x,t) — = f(u,x)
dt ot
Why do we care?
* Spatiotemporal physical & physiological systems
* Population models
* Age-structured epidemiological models A SUPER hard prOblem
!ﬁ&. van_der_Schaar 3 UNIVERSITY OF
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What about higher order ODEs and PDEs?

Q
%

du Ju
dt 0x
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d0%u
Jtox

0%u
dtdy

0%u
dxdy

Ju
Yot

ou
2 9%
Yot

“ox

Difficult to search

Variational trick may not work

Kacprzyk, K., Qian, Z. & vdS
D-CIPHER: Discovery of Closed-form

Partial Differential Equations
(NeurlPS 2023)

AR

Krzysztof Kacprzyk Zhaozhi Qian



Relax assumptions and still allow for variational formulation?

Current methods that utilize variational formulation
 make the evolution assumption and

« assume the PDE to be in a linear combination form or
« work only for explicit first order ODEs (D-CODE)

Relaxing Linear Combination assumption -
not trivial as not all PDEs admit variational formulation

B UNIVERSITY OF

=]

ag-‘,-&. van_der_Schaar i
QP CAMBRIDGE

J.Ei." \LAB vanderschaar-lab.com




Any PDE: Derivative-bound and derivative-free part

£ u(x), 0flu(x)) — g(x, u(x)) =0

| |

derivative-bound derivative-free

N\

Requires some technical constraints Can be evaluated directly from data —
for the variational trick to work! No additional constraints!

~N

Variational-Ready PDEs

Currently the broadest family of PDEs that admit variational formulation

5 UNIVERSITY OF
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Kacprzyk, K., Qian, Z. & van der Schaar, M.

D-C | PH ER D-CIPHER: Discovery of Closed-form Partial

Differential Equations. (NeurlIPS 2023)

« Assumptions:
* No linear combination assumption
* No evolution assumption

BB UNIVERSITY OF
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D-CIPHER

Q
%

Kacprzyk, K., Qian, Z. & van der Schaar, M.
D-CIPHER: Discovery of Closed-form Partial
Differential Equations. (NeurlIPS 2023)

Step 1: Choose the dictionary

Algorithm 6. .. o Dataset 5
* Uses variational formulation T o o] 7 Sis
« Searches through all closed- - j-;_'j{-i-'-‘-}.--':'}.'-";-;«‘

form derivative-free parts Test functions Step2:Estimatethe fields |
+ Searches through alinear "~ Compute (£5.15) .

subspace of derivative-
bound parts

Bs van_der_Schaar
& \LAB
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Step 3: Optimization

Compute (Eq. 15)

w € RDPS

S

i ColLie i
: Loss min ||[ZB —w :
| min 1Z8 — wll, |

BB UNIVERSITY OF
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QP CAMBRIDGE

g:RM*N R

2 — q
e.g., log(t) e* sin(u)
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Overview

1. Scientific Discovery in the Era of Machine Learning
- Discovering ODEs and PDEs from data
- Can LLMs help?

BB UNIVERSITY OF
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Data-Driven Discovery of Dynamical Systems in
Pharmacology using Large Language Models

NeurlPS 2024, Spotlight

Samuel Holt Zhaozhi Qian Tennison Liu Jim Weatherall Mihaela van der
Schaar

8 UNIVERSITY OF
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Problems with Symbolic Regression

* Only applicable to problems with few input variables (e.g., three)
* Very computationally expensive

« Space of equations grows super exponentially with equation length
and has both discrete and continuous components.

5 UNIVERSITY OF
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Our solution: Leveraging Large Language Models (LLMs) to
iteratively discover and refine pharmacological dynamics

Data-Driven Discovery (D3) framework

Capabilities:

* Proposes, acquires, and integrates new features

* Validates and compares pharmacological dynamical system models

* Insights: Uncovers new insights into pharmacokinetic processes

 Demonstration: Identifies well-fitting, interpretable models across
diverse pharmacokinetic datasets

5 UNIVERSITY OF
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Given a'dataset of trajec i:uzl,'l:E“S‘,
elther a whlt -b

Iteration 1 Iteration 2
[System Description To

A Description Model

Variables

System Description To R

NSCLC with Bio-Mathematical

fumor_volume: (SRA3)
. chemotherapy drug_concentrat

@ Modeling

Code - Features 2

B (=) LLM Resp.

Reflection

Now Reflect Verbally

. X7C - = 1 | te Di Effic d
{o} Evaluator i P
2. Non-Linear Dynamics

Mode! Drug Synergy ...

Val MSE Loss: 16.3 .
& Feature Acq.

Code - Features 3

Heremtalim et

Val MSE Loss: 8.9

Can acquire features
of [patient_age,
chemotherapy_dosage, ...]
i}

Can acquire features
of [radiotherapy_dosage,
patient_age, ...]

) LLM Resp.

Acquire: ‘Acquire°
radiotherapy_dosage;

predicted improvement 15% chemotherapy_dosage ;
L predicted improvement 12%

Acquired e e —
Acquired
radiotherapy_dosage ch;Lotherapy dosage

J

D3 cai?éiif

Iteration 3 :

| System Descr‘iption To
Model

Variables:

chemotherapy. dusagz (mg/m"B)

als.

Colﬁ.g Iag

2. {Code}. Loss.8.9

Now Reflect Verbally

= LLM Resp.

Reflection

1 Incorporate Carrying Capacity
2 Refine Parameters

3 Regularization _

Regenerate Model

Code - Features 4

gy sepgitterial

Val MSE Loss: 1.2

Can acquire features
of [patient_age,
genetic_markers, ...]

INo acquisition

[teration 20

| System Descr‘iption To |
‘Model

Variables:

' |imﬂfth

+  chemotherapy_dosage (

g” model f,

1 . Loss.1
2. {Code}. Loss.8.
3. {Code}. Loss.1.
4. {Code}. Loss.@.
5 . Loss.0.

| class statevifferential(nn.odule):

def __init_ (self):
super(StateDifferential, self)._init_ ()
# Define the parameters for the model
self.k_growth = nn.Parameter(torch.tensor(e.1))
self.k_decay = nn.Parameter(torch.tensor(@.1))
self.k_chemo_effect = nn,Parameter(torch.tensor(-0.1))
self.k_radio_sensitivity = nn.Parameter(torch. tensor(-8.1))

def forward(
self,
tumor_volume: torch.Tensor,
chemotherapy_drug_concentration: torch.Tensor,
chemotherapy_dosage: torch.Tensor,
radiotherapy_dosage: torch.Tensor,
<> Tuple[torch.Tensor, torch.Tensor]:
# Tumor growth model
d_tumor_volume__dt = (
self.k_growth * tumor_volume
- self.k_chemo_effect * chemotherapy_drug_concentration * tumor_volume
- self.k_radio_sensitivity * radiotherapy_dosage * tumor_volume

)

# Chemotherapy drug concentration change
d_chemotherapy_drug_concentration_dt = (
chemotherapy_dosage - self.k_decay * chemotherapy drug_concentration

)

return (d_tumor_volume_ dt, d_chemotherapy_drug_concentration__dt)

Our solution: Leveraging Large Language Models (LLMs) to
iteratively discover and refine pharmacological dynamics

e-box model

e



New Discovered PK Warfarin Model
Experiments on a real pharmacokinetic Warfarin dataset

* D3 uncovers a new plausible pharmacokinetic model
e Qutperforms existing literature
* Highlighting its potential for precision dosing in clinical applications

5 UNIVERSITY OF
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New Discovered PK Warfarin Model

 D3-white-box discovered a new warfarin PK white-box model with a
test loss of 0.39, of the following:

C;_f:\/ﬁ_keff' ¢

K T C’ Table 3: Warfarin Modeling Comparison
. . A . q Method Warfarin Best Model Test MSE
keff o ke,base + ke,age ( ) f’ oA (S S ) Existing Warfarin PK 0.646
D3-white-b 0.39
T kdecay - C + kd ( ) Ds-xyl;;?d . 0.271
_I'kas(A_A)(S S)+kad (A_A)

B UNIVERSITY OF
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* Discover well-fitting dynamical system models, achieving low MSE in
test predictions on the held-out test dataset of individual trajectories

New Discovered PK Warfarin Model

Lung Cancer Lung Cancer (with Chemo.) | Lung Cancer (with Chemo. & Radio.) | Plankton Microcosm COVID-19 Warfarin PK
Method MSE | MSE | MSE | MSE | MSE | MSE |
DyNODE 326+5.96 35.7152.8 16.2+6.35 0.00039740.000883 74+2.69 0.7264+0.17
SINDy 3254:5.95 11.8+£0.442 13.7£0.635 0.00135+0 93.5+0.509 6.84+1.76
ZeroShot 5.78e+03+7.6e+03 304+86.1 6.44e+034+4.27e+03 0.333+0.274 2.47e+03+£2.52e+03 1.81£8.53
ZeroOptim 2251204 33.8+50.8 6.38£8.97 0.0133+0.0013 7.88+0.0468 39845.05e+03
RNN 1.16e+06£3.21e+04 719+£94.3 13745.88 0.0306£0.0459 1.39e+0442.47e+03 | 0.04951+0.0406
Transformer 7.07£0.558 0.346+0.0701 0.207+0.0318 3.42e-05£1.97e-05 0.261+0.0915 1.33+0.941
D3-white-box 59.4+£101 48+11.8 2.4242.02 0.000245=-0.00022 95.924+1.17 19.6+40.3
D3-hybrid 4.724+9.16 0.0978+0.0463 0.135+0.225 1.86e-06+1.87e-06 1.88+£2.57 0.647£0.167

Q
%
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New Discovered PK Warfarin Model:
Expert commentary

* Prof. Jean-Baptiste Woillard, Pharmacologist. “The model is promising
and pharmacokinetically plausible. The next step is to apply D3 to other
clinically relevant PK drug datasets.”

* Prof. Richard Peck, Clinical Pharmacologist. “This model is reasonable
and potentially superior. It represents a significant advance in clinical
pharmacology by automatically identifying robust PK models.”

* Prof. Eoin McKinney, Clinician. “This model is significant, as consortiums
are dedicated to improving Warfarin [Consortium, 2009]. The model
adds novel components, such as the Michaelis component for time-
varying changes and novel interaction terms like age-sex.”
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Overview

1. Scientific Discovery in the Era of Machine Learning
- Discovering ODEs and PDEs from data

- Can LLMs help?

2. Causal Discovery: The Next Step in Causality
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The “Discovery” Ladder

Differential eq.

' Discovery of governing eq.

Governing
equations

Causal relations

Association

Dynamical systems
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Causal treatment effects inference over time

Goal

Of interest is estimating the expected potential outcome Y;.; .- (@;.;o,), for some 7 > 0 under
hypothetical future treatments a;.;.r given the historical features X.; and the previous treatments
Ap.: (Neyman, 1923; Rubin, 1980):

ElY:.t4r(@t:040)|V, Xo:t, Aot (1)
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Challenges in causal treatment effects inference over time

The patient history H,; = (Xt, A4, V) contains time-dependent confounders
which bias the treatment assignment A in the observational dataset.

Patient covariates - affected by past treatments which then influence future treatments and outcomes

e

| >

Ug - Uy
\

Bias from time-dependent confounders.
3. UNIVERSITY OF
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Causal treatment effects inference over time:
An ML perspective

[TE Data: DJ (Standard TE: ®(D) — yJ
* RMSN (NeurlPS 2018)
q e o - CRN (ICLR 2020)
St Fe v - DTR (NeurlPS 2020)
Q- ,< ? - . TE-CDE (ICML 2022)
g o =] = o + Informative Sampling
J S A (ICML 2023)

Learns a representation of the
data and uses the representation

A Deep Learning
perspective



Causal treatment effects inference over time:
An ML perspective

(TE Data: D] [Standard TE: 2(D) — Y} Limitations:
< e %S sl 1. Notinterpretable
Bl 3; 2. Sampling
b3 ..l . ?.‘ \\. o
< X < y % 3. (Assumptions)
N
? 4 t { N\' “ t
< ; = ALY
% ; o Vend
= " .

Learns a representation of the
data and uses the representation

A Deep Learning
perspective



Causal treatment effects inference over time:
An ML perspective

( TE Data: D) (Standard TE: #(D) + »]  (Our method: D — Y(t, X))
.l;.o + o..: . —:_’ ." .
. ;r-....'.." x-}&".... i % ",’.
.'.. o‘.' . ..I :,?.c ¢ \\.’ //a
< f} ' < é‘.’v e
- . - —~ —4—.51—1\-—-»
3 = <| - e et )
T —~ 3 / -
" . o) Yo Y
Learns a representation of the Learns an ODE, refined

data and uses the representation for each specific patient

A Dynamical Systems
perspective



Causal treatment effects inference over time:
An ML perspective

p(X]|Ao) B A

(TE Data: D (Our method: D — (£, X))
P delt) _ q 5
'::..P..‘ - o z(t) = F(v,z(t),a(t)) and y(t)=g(x(t)), . _
3 P o ‘
f- "' t g 1s prespecified by the user <
B . . t' ’_5 .
; <
Goal: Learns an ODE, refined

recover the underlying system of ODEs F' based on the observed dataset D

for each specific patient

A Dynamical Systems
perspective



Causal treatment effects inference over time:
An ML perspective

p(X]|Ao) B B

[TE Data: D)

[Our method: D — Y(t, X))

X4\ A\

Addressing Limitations:
1. Interpretable

2. Irregular Sampling
3. New Assumptions

Learns an ODE, refined
for each specific patient

A Dynamical Systems
perspective



Why structural equations?

Advantages over neural networks

 Interpretable

« Naturally works for irregular sampling and continuous trajectories
« Smaller hypothesis space

« Better performance in certain scenarios

Challenges

Different ways to learn from data

Different problem descriptions

Static features are not considered in ODE discovery

ODE discovery methods find only a single equation for a whole dataset
Diverse types of treatment: continuous, binary, categorical, multiple
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Our Solution:

ODE Discovery for Longitudinal Heterogeneous Treatment

Effect Inference
[Kacprzyk, Holt, Berrevoets, Qian & vdS, ICLR 2024]

Krzysztof Kacprzyk Sam Holt Jeroen Berrevoets Zhaozhi Qian
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Our Solution:

ODE Discovery for Longitudinal Heterogeneous Treatment

Effect Inference
[Kacprzyk, Holt, Berrevoets, Qian & vdS, ICLR 2024]

« We provide a general framework which connects ODE discovery with TE
* Reconcile the differences
 We propose INSITE, an illustrative TE method based on ODE discovery

5 UNIVERSITY OF
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Three discrepancies

(1) different assumptions,
(2) discrete (not continuous) treatment plans, and
(3) variability across subjects

Each discrepancy is explained and reconciled with actionable steps.

=Py van_der_Schaar

e 3. UNIVERSITY OF
J.Ei." \LAB vanderschaar-lab.com

=]

QP CAMBRIDGE




CATE Assumptions

extensions to continuous-time causal effects (Lok, 2008; Saarela & Liu, 2016; Ryalen et al., 2019)

Assumption 2.1 (Consistency) For an observed treatment process Agy.riy = a, the potential out-
come is the same as the factual outcome Y (a) = Yy.70).

Assumption 2.2 (Overlap) The treatment intensity process \(t|§¢) is not deterministic given any
filtration F+* (Klenke, 2008) and time point t € 0,71, ie,

: Attt — At #£0
v < A(tSt) = 6lt1g0 P(At+st - t 7 0|3¢)

<1l—7, with ~ve€(0,1)

Assumption 2.3 (Ignorability) The intensity process \(t|§;) given the filtration §; is equal to the

intensity process that is generated by the filtration § U {c(Ys) : s > t} that includes the o-algebras
generated by future outcomes {o(Ys) : s > t}.

5 UNIVERSITY OF

ag-‘,-h van_der_Schaar i
T QP CAMBRIDGE

5" \LAB vanderschaar-lab.com




Our Assumptions

Assumption 3.1 (Existence and Uniqueness) The underlying process can be modelled by a system
of ODEs #(t) = F(v,z(t),a(t)),” and for every initial condition xo, v and treatment plan a

at to, there exists a unique continuous solution x : [to,T] — R? satisfying the ODEs for all
t € (to, T')(Lindeldf, 1894, Ince, 1956).

Assumption 3.2 (Observability) All dimensions of all variables in F' are observed for all individ-
uals, ensuring sufficient data to identify the system’s dynamics and infer the ODE’s structure and
parameters (Kailath, 1980).

Assumption 3.3 (Functional Space) Each ODE in F' belongs to some subspace of closed-form
ODEs. These are equations that can be represented as mathematical expressions consisting of binary
operations {+, —, X, +}, input variables, some well-known functions (e.g., {log,exp,sin}), and
numeric constants (e.g., {—0.2,...,5.2} € R) (Schmidt & Lipson, 2009).
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Our Assumptions

Assumptions 3.1 and 3.2 play a crucial role in ODE discovery:

needed to correctly identify the underlying equation.

 Assumption 3.1 ensures that the discovered ODE has a unique solution

 Assumption 3.2 is necessary such that the observed data can be used to accurately
identify the underlying ODE

The assumptions made in the treatment effects literature (assumptions 2.1 to 2.3) serve
a similar purpose as they allow us to interpret the estimand as a causal effect, i.e., they
are necessary for identification.

Assumption 3.3 defines space of equations to be consider for the optimization algorithm
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ODE discovery Treatment effects Explanation
ref assumption assumption  ref
3.1 existence & uniqueness e~—o consistency 2.1 | 2.11is implicit through 3.2.
3.2 observability <=-o overlap 2.2 | 2.2 can be relaxed by 3.1 and 3.3
|3.3 functional spaces o - - ignorability 2.3 | 2.3 1s similar as 3.2.




Reconcilition in 3 steps

1. New identification
assumptions

- accept ODE discovery
assumptions

2. Diverse treatment types
- decide how treatments
are represented

3. Variability across
subjects

- decide on the the
desired BSV level

=Py van_der_Schaar
5 \LAB

ODE discovery Treatment effects Explanation
ref assumption assumption  ref [
3.1 existence & uniqueness oo consistency 2.1 ’ 2.1 is implicit through 3.2.
3.2  observal _ ' i I _ ____ and 33
3.3 function Treatment  S/D  Domain of @ Constant F(x(t),v,a(t))
Bi S (t) {0 1} Yes fu.(t)(m(t)'. 'U)
inary a(t) € {0, . . or
D Piece-wise Fol2(t), v) + a(®) f1 (2(), v)
Categorical SD a(t) € [1, K] EY’izsce—wise Fa(p)((t),v)
| s R fa(@®)v)
Multiple p a®)e{01}F o e O
____________________________ T w@fi=e)
- —  Continuous ?) a(t) e RE ;zs f(z(t),v,a(t))
@ (@D
ODE. +RUV  +Cov.  +Dist y(t) Parameters (eq. (5))
A V z(t) Cop =cp,C1 =1
B / / z(t) + € Cop=cp,C1 =€
cC v v / V)EX)~)—® 2(t) + ¢ Co = a(co), C1 = a(e1)
D vV

/4 v @220

z(t)+e Cop~ N(g(co) o0),C1 ~ N(q(ec1),01)
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Limitations

1. A correct set of candidate functions (tokens) is necessary for
correct model recovery.

2. ODE discovery works best in sparse settings. The reason is two-fold:
from a technical point of view, sparse equations are much less
complex and simply easier to recover; from a usability point of view,
the usefulness of non-sparse equations is limited as interpretability
is negatively affected by non-sparse (or non-parsimonious)
equations (Crabbe & vdS, 2020).

3. ODEs are noise free. Since we recover ODEs, the found equations
do not model a source of noise as is typically the case in structural
equation modelling. To model noise terms explicitly, our framework
should be extended into stochastic DEs.
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Overview

1. Scientific Discovery in the Era of Machine Learning
- Discovering ODEs and PDEs from data
- Can LLMs help?

2. Causal Discovery: The Next Step in Causality

3. A powerful application: Digital Twins
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Automatically Learning Hybrid Digital Twins

of Dynamical Systems
Spotlight @ NeurlPS 2024

Samuel Holt*, Tennison Liu*, Mihaela van der Schaar

Py van_der_Schaar tl522@cam.ac.uk
Gef \LAB 2

vanderschaar-lab.com

m linkedin.com/in/tennison-liu/




Dynamical Systems

* Models to describe how variables evolve over time (e.g. to simulate complex

physiological processes)
* Critical to predicting disease progression, treatment strategies, and improving patient

care
* Dynamical system S := (X, U, ®@), where X is the state space, U is the action space

(e.g. treatments), and ®: X' X U X T - P(X) is the dynamics function

Hypothetical Gompertzian Tumour Growth

_ é 3 anying caps
§ g% 5 PD '
_____________________ _ 8§ 3 o g e e R AT g A R
» - ~ o g o E’
B o Y ° — Concentration 5 10° Yhagmosictheshod ST
Susceptible mmmmmm 2 Infectious Recovered P g o
| | g PKPDJ ‘dA oz ‘...
N = s} L /
N S =
> % s Appearance
o . —o— Exponential
10°  ee®Cg veosied” ~  Gompertzian
Time
Time (arbitrary)
SEIR Model PKPD Models

Tumour Growth



Digital Twins

Digital Twins (DTs): Computational models fe,w(g) € F that aim to approximate the
dynamics model &

* 0 € 0O denotes the model specification, and w (@) € Q(0) denotes the model
parameterization

Useful for answering questions:

* Simulate future outcomes (what is the future disease spread?)

* Understand system changes (how does disease dynamics vary in different
demographics?)

* Evaluate the impact of control/intervention policy (how to curb disease
transmission?)



Digital Twins: Desiderata

Effective DTs should satisfy the following desiderata:

[P1] Generalisation to unseen state-action distributions. The DT should robustly model
state-action distributions not observed during training

Example:
Can a DT trained on adult patient data reliably predict drug responses for
paediatric cases?




Digital Twins: Desiderata

Effective DTs should satisfy the following desiderata:

[P1] Generalisation to unseen state-action distributions. The DT should robustly model
state-action distributions not observed during training

[P2] Sample-efficient learning. Learn accurate dynamics given the limited volume of
empirical data

Example:
Can a DT model the progression of rare diseases and its response to treatment
with <100 samples?




Digital Twins: Desiderata

Effective DTs should satisfy the following desiderata:

[P1] Generalisation to unseen state-action distributions. The DT should robustly model
state-action distributions not observed during training

[P2] Sample-efficient learning. Learn accurate dynamics given the limited volume of
empirical data

[P3] Evolvability. The twin should be easily evolvable to model the changing dynamics of
the underlying system

Example:
Is the DT model easily ‘updatable’ to incorporate new bacterial strains (or
evolving resistance patterns) without requiring complete retraining?




Existing Approaches

B) Model equations
ds(t)
—— = —FS(t

a ®

A) Compartmental structure

nature
F = = FS(t) — ol(t)

o di(t) Xé p _)y
S(t) I(t) R(t) i = 2
drR(®) =ol(t) I j
dt
Force of infection:

Neural

Mechanistic

Learns dynamics directly from data using neural/black

Closed-form equations, grounded in
box models

biological/physical principles

Strengths: requires minimal assumptions, learns

Strengths: strong generalization [P1] (when
complex dynamics that elude mechanistic modelling

correctly specified)

Weaknesses: sample-inefficient [P2], over-

Weaknesses: fail catastrophically when incorrect,
parameterised and monolithic black-box [P3]

limited by domain knowledge [P3]




Our Approach: Motivation

Combine their strengths to develop Hybrid Digital Twins (HDTwins), f = fiech © frneural

* fmecn Symbolically encodes domain-grounded priors, improving generalisation

* f[neurai Models complex temporal patterns where f,,,.., might be
incomplete/incorrect

Traditionally: relied heavily on human expertise to craft hybrid DTs

!

Our work: automatically specify and optimize hybrid DT models



Our Approach: Formulation

Conceptually, hybrid modelling f¢ ,,() involves two stages:

* Specification of the model structure (neural architecture, functional form), 0 € ©
* Parameterisation the model (neural weights, coefficients), w(0) € Q(0)

!

Mathematically, this process can be formulated as a bi-level optimisation problem:

mingee Louter (9: w*(e))
where w*(0) = argming,cq(g) Linner(0, ®(0))

* Upper-level: optimal specification that maximises generalisation performance
* Lower-level: optimal parameters that maximises training performance



Easier said than done?

Automatically learning HDTwins is challenging:

Encoding domain priors
Automatically encoding the correct domain knowledge into hybrid DTs
(crucial to improving generalisation and sample efficiency)

Combinatorial search space
Space of possible models is discrete/combinatorial, intractable to manually
specify



Our Approach: Method Overview

HDTwinGen: Novel evolutionary framework that efficiently designs DTs using large
language models (LLMs)

Three steps:

» Utilising LLMs as a generative model to iteratively propose DT specification
(represented as code)

e Offline optimization of model parameters from training data

* Model performance is automatically evaluated and fed back to the LLM for iterative
improvements

This process is repeated over multiple generations until we have a model that we are
satisfied with



Our Approach: In Detail

1) Modeling agent generates o) LLMmodel (#(9™ 1) < p(a= 1)  geontext

Modeling

specification -
Context 2) Optimize model
User context T
S Pla1) — g AN D ey parameterization
D= $Dyain Dars, | A9V A text deli
- [7train Zval 9N Seontex MAO Sl w(v)-  argming ()zq () £(S01 ()¢
. gent _
Evaluation ( /ﬁz/)ufé(K)‘U(K))c Modeling LM k Dirain)
Feedback et o T SR Context model
et ot Top- wins HDTwin
Ju1 ()"
3) Evaluation agent generates /(9 /7 LLMg,q (S5t p(9))
NL feedback Update 3) Evaluate HDT win
(9) — 1) & My e ;
Evaluation ‘Svcontext & 10 (" ™) population U= L(/s1(/) “Dval) Compute average val loss
Agent pep C t t-wi
6: 6 (p ompute component-wise
LLMevaI Modeling ( /,’.f)(/)u ‘5(K)‘U(K))C pla) ple=1) g (f/’! () Val) val loss

Context Set of Top-COHDT wins (/2,1 (1) <O°U)




Our Approach In Detall

1 A
( ) I Modeli 1) li/[odehng agent generates Fnn & meodel(;{(g 1), p(g—1)(‘5‘context)
I odeling spegification —
Context : 2) Optimize model
! User ontext i i
I S° I pia=1) _ ﬂf“) ‘&1)‘U(1))‘ parameterization
I D = $Dyain Dear( | A0 o text Modeli
| = train “ £val | . LS’COI’) ex X eling w(v)" argmln, (// ')
. gent
. D
| s || fily @90 | i || 2
I‘ I Set of Top-LJHDT wins Context HDT win
! /
\ 7,1 ()
O 7
3) Evaluation agent generates Z(9) LLMgyq (SNt ¢ plg )
NL feedback Update 3) Evaluate HDT win
(9) — 1) D eyMye i
Evaluation Scontext - ﬂff’[ y 0ot population = L(/),1 (/) “Dval) Compute average val loss
Agent php 5 Comput t-wi
_ ) pute component-wise
LLMevaI Modeling ( 71 ( /)L Q) <yt plo=D g O ) val) val loss
Context Set of Top-CJHDT wins (/1 (v <6°U)

Initialisation. The process begins with the user providing:

« Modelling context §€°™¢xt which semantically describes the system

* Data D used for training/evaluation




Our Approach: In Detail
T \

I 9 _ _
Modeling | ;I))ell/[ig(izgt(l)i agent generates e O LLMmode|(?‘/(g . plo-1) (Jcontext) :
- Context ! 2) Optimize model 1
X' (geontext ! parameterization 1
I Pa= 1) _ g AN ey
D = Dtrain < Dvalk /A A o context Modelin L . :
rain - “va y IS S Agent g w(v)-  argming ()20 () (/01 () | 1
. ) |
| E}Tvalclilstl?(n ( /,72/) ‘G(K)‘U(K))C Modeling LLMmodeI Dtrain) :
1 EEChEE : Context
I‘ Set of Top-CIHDT wins HDTwin :
\ T () /
~ b

- o o mm Em o Em o e e e e e Em m mm e e mm Em e e mm Em Em m mm e e e e e e e =

3) Evaluation agent generates (9 /) LLMgyq (SNt p(9))

NL feedback 3) Evaluate HDT win

3 Update
(9) — q AN DDy :
Evaluation scontext 4 ﬂfﬁ"’ (e @V v ) population U= L(/1 (/)7 “Dval) Compute average val loss
Agent 1>>>K 5= 08/, @ Dyal) Compute component-wise
LLMeyal Modeling ( /,!2«) SVl P9 plemNpg . val loss
Context Set of Top-CJHDT wins (fo1 (1) <6°U)

Model generation. In iteration g € G:

* The modelling agent (LLM) generates a novel model specification fg o) (with placeholder parameters)

* It has access to the modelling context S €°™€Xt set of Top-K past models P(9~1), and most recent
evaluation feedback H(9~D

* The parameters are optimised to yield new candidate model



Our Approach: In Detail

1) Modeling agent generates e O LLMpogel (9™ 1) ¢ pla= 1) geontext

Modeling
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. I 5= 060/, Dyl pute component-wise
LLMeval Modeling Ay SO | plo pleDy A1 (17 Pual) val loss :
Context Set of Top-COHDT wins I (/o1 (o) <O°U) I
! 1
/
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Model evaluation and selection
* The newly generated model is evaluated using the provided modelling objective (e.g. MSE)

« Model pool updated: P9 is updated with new top-K models



Our Approach: In Detail

1) Modeling agent generates o (g-1) . p(g-1) . ccontext
Modeling s;eciﬁcatioi e Ty & e (0 7 d )
- Context 2) Optimize model
ser scontext G — A ) parameterization
D = Dyrain < Dval§ A9 PR = W80 context Modeli
N train““val BBD S ngnl?g w(v)"  argmin, (v)2p (/)[(f/,! (/)¢
Evaluati K) . NK) . (K) . Drrai
Fvez(lilsalcln (it 31 0)¢ I\éOdfhntg LLMmodel )
8 ontex
Set of Top-CIHDT wins HDTwin
_____________________________ J1,1(0)
s .
I 3) Evaluation agent generates Z(9) /] LLMgq (SNt p(9)) \
: NL feedback [ Update 3) Evaluate HDT win
(9 — q AN gDy ! i
: Byalnaiien Scontext P = ﬂff,! (v)° o u®) 1 population U= L(/1 (/)7 “Dval) Compute average val loss
Agent php ! Comput t-wi
| — @ pute component-wise
1 LLMgyal Modeling ( /'_fz/)’cé(K)cu(K))C :p(g) plo-N g 0= 0(/1,1 1y Pval) val loss
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1

\\ ,
e
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Model improvement
* The evaluation agent generates H(9 textual feedback based on the current pool of models P9 and
evaluation instructions in §¢ontext



Empirical Investigation

Examined [P3] evolvability: the ability to easily update the model with minimal

retraining

* Pareto-front of the evolved HDTwin, underscoring efficiency in understanding
and evolving the candidate models to achieve better HDTwins
* Also capable of incorporating expert feedback to steer model development!

Initial white box
linear model.

.......

Enhanced white box model with logistic growth for tumor volume,
interaction term for combined therapy effect, and bi-exponential
decay for chemotherapy drug concentration.

0
1 0 White and black box model with logistic
growth for tumor volume, Michaelis-

Menten saturation for chemotherapy

effect, sigmoid function for radiotherapy

Validation MSE

White and black box model with =~ T
1 0_1 dynamic carrying capacity and decay k4
rate, non-linear interaction term, and an

updated black box MLP for residuals.

effect, resistance development, and a
black box MLP for residuals.

......

Top-1 HDTwin «=@- HDTwin Generated at Step

White and black box model with logistic
growth for tumor volume, Michaelis-
Menten saturation for chemotherapy

effect, sigmoid function for radictherapy

effect, resistance development, and a
simplified black box MLP for residuals.

2

4 6 8

10

Number of Generations



Engagement sessions: Inspiration Exchange

www.vanderschaar-lab.com/

- Engagement sessions
= Inspiration Exchange

Inspiration Exchange

(particularly masters, Ph.D), and post-does].

ing for healthcare

‘We would fike to:
- discuss machine learning modets and technioues

- spark new projects and coliaborations

Standard session format:
~ presentations by van der Schaar Lab researchers

November 2024
4pm UK time/S5pm CEST time
Digital Twins
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Engagement sessions: Inspiration Exchange

www.vanderschaar-lab.com/

- Engagement sessions
= Inspiration Exchange

February 10, 2025
4pm UK time/S5pm CEST time
Meta-Learning

March 2025
4pm UK time/S5pm CEST time
Discovery from Data Using Al

=Py van_der_Schaar
5 \LAB

vanderschaar-lab.com

Inspiration Exchange

(particularly masters, Ph.D), and post-does].

ing for healthcare

‘We would fike to:
- discuss machine learning modets and technioues

- spark new projects and coliaborations

ge - synthetic data

Standard session format:
~ presentations by van der Schaar Lab researchers

9 Inspiration Exchange - synthetic data concepts and approaches
van des Schaar Lab

Inspiration Exchange - recent projects in machine learning for healthcare
0 der Schaar Lab
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